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We study GH Z-type and W-type three-mode entangled coherent states. Both the types of entan- 
gled coherent states violate Mermin's version of the Bell inequality with threshold photon detection 
(i.e., without photon counting). Such an experiment can be performed using linear optics elements 
and threshold detectors with significant Bell violations for GH Z-type entangled coherent states. 
However, to demonstrate Bell-type inequality violations for W-type entangled coherent states, ad- 
ditional nonlinear interactions are needed. We also propose an optical scheme to generate W-type 
entangled coherent states in free-traveling optical fields. The required resources for the generation 
are a single-photon source, a coherent state source, beam splitters, phase shifters, photodetectors, 
and Kerr nonlinearities. Our scheme does not necessarily require strong Kerr nonlinear interactions, 
i.e., weak nonlinearities can be used for the generation of the W-type entangled coherent states. 
Furthermore, it is also robust against inefficiencies of the single-photon source and the photon de- 
tectors. 

PACS numbers: 03.67.Mn, 42.50.Dv, 03.65.Ud, 42.50.-p 



I. INTRODUCTION 

Quantum entanglement is a resource for quantum in- 
formation processing and quantum computing. A large 
class of entangled states violate Bell-type inequalities 
[H H El , which means that the existence of such states 
cannot be explained by any local theory. It has been 
known that there exist at least two different types of 
multipartite entanglement, namely, the GHZ-type |j| en- 
tanglement and the W-type entanglement (5( . These two 
different types of entanglement are not equivalent and 
cannot be converted to each other by local unitary oper- 
ations combined with classical communication [j| . 

Recently, entangled coherent states (ECSs) @ in free- 
traveling optical fields have been found useful to perform 
tasks such as quantum teleportation HQ, quantum com- 
putation |9l llCllll| . ent ang lement purification [12| . quan- 
tum error corrections [13j, etc. Most of these schemes 
use single-mode coherent-state superpositions (CSSs) as 
qubits and two-mode ECSs as quantum channels. Re- 
cently, Nguyen studied an optimal quantum information 
processing via multi-mode W-type ECSs 8}. In partic- 
ular, it was shown that there exists a quantum infor- 
mation protocol which can be done only with W-type 
ECSs while GHZ-type ECSs fail to accomplish such a 
task 8] . As an example, the remote symmetric entan- 
gling, that allows two distant parties to share a sym- 
metric entangled state, strictly requires W-type three- 
mode ECSs. Even though there have been a number 
of studies on ECSs revealing their quantum nonlocality 
[fH [TEL Uti Jr^l and usefulness for quantum information 
processing j3H U E3 El El EI, most of them have 
focused on two-mode ECSs while the characteristics of 



multi-mode ECSs, particularly the W-type ECSs, have 
been relatively less known. 

A GHZ-type ECS can be generated using beam 
splitters with a single-mode CSS. Recently, there have 
been remarkable theoretical sug gestions which are within 
reach of current technology ElM HJ EJ El E| 
and an experimental attempt |26( for the generation of 
single-mode CSSs in free-traveling optical fields. How- 
ever, the generation of W-type ECSs in free-traveling op- 
tical fields is not straightforward from single-mode CSSs. 
Very recently, Yuan et at, suggested a scheme to gen- 
erate GHZ-type and W-type ECSs in cavity fields |27| . 
However, it should be noted that for most of tasks for 
quantum information processing 0, H, H 0, 0, 0, 0, 
EH Eli El 03 1 one needs to generate such ECSs in free- 
traveling optical fields. 

In this paper, we suggest a scheme to generate W-type 
ECSs in free-traveling optical fields and study violations 
of the Mermin's version [2|| of the Bell inequality 
for both the GHZ-type and W-type ECSs. Our study is 
closely associated with currently feasible experimental el- 
ements in quantum optics. The Bell's inequality test can 
be performed using linear optics elements and threshold 
detectors with large violations for GHZ-type ECSs but it 
requires additional nonlinear elements for W-type ECSs. 
As for our generation scheme of W-type ECSs, it requires 
a single-photon source, a coherent state source, beam 
splitters, phase shifters and threshold photodetectors as 
well as weak nonlinearities. Our generation scheme is ro- 
bust against inefficiencies of the single-photon source and 
the photodetectors. 

We organize our paper as follows. In section II we first 
outline possible schemes to generate multi-mode GHZ- 
type ECSs and then test the Bell-Mermin inequality 



2 



for the three-mode case using photon parity (subsection 

II A) and photon threshold (subsection II B) measure- 
ments. Section III also has two subsections. Subsection 

III A presents a mechanism of generation of three-mode 
W-type ECS whose violation of the Bell-Mermin inequal- 
ity is examined in subsection III B by means of photon 
threshold measurements. Finally, we conclude in section 
IV. 



II. GHZ-TYPE ENTANGLED COHERENT 
STATES 

An TV-mode GHZ-type ECS is defined as 

\GHZ, a) = c%\a, a, a)\ n + c%\ — — ot, — a)\ n 

(1) 

where \a, a, o)i...n = |a)i|a)2...|a)jv with \a)i a co- 
herent state of amplitude a while complex coefficients c\ 
and c 2 should satisfy the normalization condition. Such 
an entangled state can be generated with a single-mode 
CSS 

\CSS) = c 1 \a}+c 2 \-a) (2) 

and beam splitters. Recently, several feasible sugges- 
tions have been made for the generation of CSSs in free- 
traveling optical fields us m mm mm F 0r 

example, it was found that simply squeezing a single pho- 
ton results in a very good approximation of a single-mode 
CSS with amplitude a < 1.2 21] . It was also pointed out 
that a weak Kerr nonlinearity can be useful to generate 
CSSs even under realistic decoherence [24j]. The beam 
splitter operator B(r, <p) acting on two arbitrary modes 
a and b is represented as 

B(r, (j>) = exp^e^atS - e^S+a)}. (3) 

where the reflectivity r and transmittivity t are deter- 
mined by 9 as 

r = sm-, f = cos~, (4) 

and 4> specifies the phase difference between the reflected 
and transmitted fields. We assume cj) = ir throughout this 
paper. In particular, if a three-mode GHZ-type ECS of 
the form Q, where c\ — — c 2 , needs to be generated, 
one can pass the CSS, Iv^a) — | — \Jj>d) (unnormalized) , 
through two beam splitters BS1 with r\ = 1/V3 and 
BS2 with r 2 = l/v^ successively as shown in Fig. 1. 
In general, to generate a GHZ-type ECS with an ar- 
bitrary mode number AT, one should pass a CSS of the 
form |\/iVa) ± | — VNa) through a sequence of N — 1 
beam splitters with n = 1/y/N, r 2 = 1/VN — 1, ... and 
rjv-i = l/v2 or, one can exploit a "tree-scheme" that 
uses only 50:50 beam splitters combined, if necessary, 
with state-parity measurements (see, e.g. Ref. p9jl- 
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FIG. 1: An example of the generation of a GHZ-type three- 
mode ECS in free-traveling fields from a CSS using two beam 
splitters, BS1 with n = 1/V3 and BS2 with r 2 = l/y/2, 
where ri and r 2 are reflectivities of the beam splitters. Note 
that a 1 = y/3a. 

A. Bell-inequality violations of GH Z-type ECSs 
using photon parity measurements 

We now study the Bell-Mermin inequality for a three- 
mode GHZ-type ECS. Bell inequality violations for two- 
mode ECSs have been studied with photon parity and 
photon threshold measurements [la, • We first study 
the Bell-Mermin inequality based upon the parity mea- 
surement and the displacement operation 30]. For that 
purpose we define an observable Tl(/3) as 

oo 

U(f3) = D{p) (|2n) (2n\ - \2n+ 1) <2n+l|)l>t (/?) (5) 

n=0 

where D((3) is the displacement operator, D(/3) — 
exp[/3a^ — (3* a], for bosonic operators a and fit. Note 
that the eigenvalue of the observable H(f3) is 1 when an 
even number of photons is detected and it is —1 when 
an odd number of photons is detected. The Bell-Mermin 
inequality 0, |2^ based on the observable II(/3) is 

BM n = |(n(/3 1 )n(/3 2 )n( / 3 3 )) - (nG8i)n(#)n($)) 
- (n(/3 1 )n(/5 2 )n(^)) - (n(#)n(#)iTO>| < 2, 

(6) 

where n(/3 1 )n( ( 9 2 )n(/3 3 ) = n 1 (/3 1 )®n 2 (/3 2 )®n 3 (/3 3 ) and 
we shall call BMn the Bell-Mermin function. The aver- 
age value, (n(/3i)n(/3 2 )n(/5 3 )), can be calculated using 
the identity 

(n(/3 1 )n(/3 2 )n(/? 3 )) = ^w(p u p 2 ,p 3 ) (7) 

where W(@i, /3 2 , /3 3 ) represents the Wigner function of 
the state of interest. The Wigner function of the three- 
mode GHZ-type ECS in Eq. CJ, for the case of c\ = ±c 2 , 
can be calculated as follows |3l|. First, the characteristic 
function x±(?7i, ?7 2 , ?y 3 ) can be obtained as 

x±{ r ni,m,m) = ^[pghzD^d^d^)] (8) 
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where Pghz = \GHZ,a)(GHZ,a\ and function in Eq. JSJ denotes c\ = +C2 (ci = — C2). The 
D(rji)D(rj2)D(rj S ) = D\{r}{) (g) D 2 (rj 2 ) <8> D 3 (t] 3 ). characteristic function is then 
The subscript plus (minus) sign of the characteristic 



X±fai,»ja, Vs) =(GHZ, a\D( m )D( m )D{ m )\GHZ, a) 

1 I 1 2 1 1 1 2 1 |2/ 

=M±e~2 | ' nl 2" 1^2 1 -2IW / exp[ryiQ!* — 77*0: + 7720;* — ry|a + rj^a* — r]$a] 
+ exp[— 771a* + 77* a — 772a* + 7?2 a _ + Vs a ] 
± exp[— 6|a| 2 — 7)iq;* — rf^a — T}2Ct* — r/ 2 a — 773a* — V3 a ] 
± exp[— 6|a| 2 + 77iQ!* + 77*0: + 772a* + 772a + 773a* + 773a] 



(9) 



where M± — 1/(2 ± 2e 6 I Q I 2 ). The three-mode Wigner function is obtained from the characteristic function as 



W±(/?i,ft,/33) 



d 2 77id 2 77 2 d 2 77 3 exp[?7i/3i -771/3* + 77^2 — ^2^2 + V3P3 ~ 773/3 3 ]x±(f7i, m, 



(10) 



After the integration, the Wigner function of the GHZ-type ECS is 



W±(/3i,/32,/3 3 ) = iV±| exp[-2|A - a| 2 - 2|/? 2 - a| 2 - 2|/3 3 - a| 2 ] 

+ cxp[-2|/3 1 + a| 2 - 2\02 + «| 2 - 2|/? 3 + «| 2 ] 
6 I Q I 2 (exp[-2(/3i - a)(/3 x + a)* - 2(/? 2 - a) (ft + a)* - 2(ft - a) (ft + a) 

+ exp[-2(ft - a)* (ft + a) - 2(ft - a)* (ft + a) - 2(ft - a)* (ft + a)]) 



±e" 



(11) 



r 



with 7V ± = 8/[tt 3 (2 ± 2e- 6 l Q l 2 )]. The Bell-Mermin func- 
tion BAIyi has 12 variables and it is highly nontrivial 
to find the global maximum values of BMu for all the 
12 variables. Fortunately, some local maximum values 
which violate the Bell-Mermin inequality can be found 
numerically using the method of steepest descent [32| . 
which has been plotted in Fig. [5] 

Fig. 121 shows that as a increases the value BMu of 
the Bell- violation first grows and then asymptotically ap- 
proaches the value of 3.6 when a — > 00 for the GHZ- 
type ECSs of c\ = C2 and c\ — — c 2 . For instance, 
when a = 10, the Bell-Mermin function is found to be 
BM n w 3.58 at Re\J3 x ] = i?e[ft] = Im[ft] = Re[/3[] = 
Re[(3' 2 ] = Re[(3' 3 ] = 0, Im[ft] = -Ito[/3£] = -0.020, 
Jm[ft] = -Re[P s ] = -0.0519 and Im[/3' 2 ] = -Re\j3' 3 ] = 
—0.0259 for both the cases of ci = C2 and ci = — c 2 . 
It is interesting to note that even when a is extremely 
small, the GHZ-type ECS of ci = — c 2 (dashed curve in 
Fig. 2b) still violates the Bell-Mermin inequality whereas 
the GHZ-type ECS of c\ — c 2 does not (solid curve 
in Fig. 2 b). This is due to the singular behavior of 
the GHZ-type ECS of ci = — C2 when a approaches 
zero. When a approaches zero, the GHZ-type ECS be- 
comes a vacuum product state without entanglement, i.e. 
|0)|0)|0), unless c\ = — C2. However, if c\ — — c 2 , as a ap- 



proaches zero, the GHZ-type ECS generated using beam 
splitters as shown in Fig. 1 will approach 

-L(|1)|0)|0) + |0)|1)|0) + |0)|0)|1)) (12) 

which is a highly nonlocal entangled state. This can be 
understood as follows. In order to generate the GHZ- 
type ECS of ci = — c 2 using two beam splitters, BS1 
and BS2 as sketched in Fig. 1, a CSS of ci = — C2 is 
needed. The CSS of c\ = —c 2 approaches the single- 
photon state, |1), for a — > [l7|. This single-photon 
state after passing through BS1 and BS2 in Fig. 1 results 
in the state given by Eq. (|12fl . Therefore, one can expect 
that the GHZ-type ECS approaches the state H12|) show- 
ing Bell- type inequality violations only when c\ = — c 2 . 
Such a singular behavior is in agreement with the pre- 
vious studies for two-mode ECSs 0, [^. Namely, a 
two-mode ECS, \a, a) — \ — a,— a) (unnormalized), vi- 
olates the Bell inequality even in the limit a — > be- 
cause the two-mode ECS becomes a single photon entan- 
gled state, (|0, 1) + |1, 0})/V2. Nevertheless, the two-mode 
ECS, \a, a) + | — a, —a) (unnormalized), ceases to violate 
the Bell inequality in the limit a — > as in this limit it 
becomes a vacuum product state |0)|0). 

The displacement operation used in this type of Bell- 
inequality tests can be effectively performed in an optics 
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FIG. 2: Violations of Bell-Mermin inequality for the GHZ- 
type ECS of amplitude a using parity measurements. BMu 
represents the Bell-Mermin function defined in the text which 
is supposed to be not greater than 2 by a local hidden variable 
theory, (a) As a increases the violation increases and satu- 
rates at w 3.6 for the GH Z-type ECSs of c\ = C2 (solid line) 
and ci = — C2 (dashed line), (b) Even when a is extremely 
small the GH Z-type ECS of ci = — C2 (dashed line) still vi- 
olates the Bell-Mermin inequality while the GH Z-type ECS 
of Ci = C2 does not. 



experiment by means of a beam splitter with the trans- 
mission coefficient close to unity and a stron g co herent 
state being injected into the other input port 33] . How- 
ever, the photon parity measurements should distinguish 
between odd and even number of photons. This is ex- 
tremely hard because the detectors which perfectly dis- 
criminate between neighbouring photon numbers (i.e. n 
and n + 1 photons) do not exist at the present status 
of technology. On the other hand, the threshold photon 
detection, which discriminate between presence and ab- 
sence of photons, are available with a reasonably high 
probability using current technology [3^ |. Therefore, in 
what follows, we shall focus on the Bell-Mermin inequal- 
ity test using only threshold photon detection and dis- 
placement operations. 



FIG. 3: Violations of Bell-Mermin inequality for a GHZ- 
type ECS of amplitude a using threshold photodetectors. 
BMa represents the Bell-Mermin function defined in the text, 
Eq. 1141 . which is supposed to be less than or equal to 2 by 
a local hidden variable theory. As a increases the violation 
first decreases and then ceases starting from a « 0.6. 

B. Bell-inequality violations of GH Z-type ECSs 
using photon threshold measurements 

We define an observable A((3) for a Bell-Mermin in- 
equality test with the threshold photon measurements 
and the displacement operations as 

oo 

A{fi) = £>(/?)* (|0><0| - J2 W)(n\)D(l3), (13) 

71=1 

whose eigenvalue is 1 when no photon are detected and 
— 1 when any n > 1 photon(s) are detected. The Bell- 
Mermin inequality based on the observable A{0) reads 

BM A = \(A{0-y)A{(h)A(fi 3 )) ~ (A(Pi)A(/3' 2 )A(f3' 3 )) 

(A(fi)A(/h)A(&)) (A(f3[)A((3' 2 )A(f3 3 ))\ < 2- (14) 

In order to calculate BMa for the ECSs, we first compute 
the following quantities: 

J{0) = (a\A(P)\a) = 2exp[-|a + /3| 2 ] - 1, (15) 
K{fi) = {-a\A{fi)\ -a)= 2exp[-|a - f3\ 2 } - 1, (16) 
L(J3) = (a\A(J3)\ -a) 

= eM~\w + P\ 2 -\\a-P\ 2 

+ afi* -a*p]{2-e- (a+ ^^ a -^y (17) 

In terms of these quantities we have for the GHZ-type 
three-mode ECS 

(W(A)M)) = |c 1 | 2 J(/3 1 )J(/3 2 )J(/3 3 ) 
+ |c 2 | 2 ^(/3 1 )K(/3 2 )^(/3 3 ) 
+ 2UK{c l c* 2 L((3 l )L{(3 2 )L{f3 3 )\ (18) 

from which one can calculate BMa in Eq. I|14|) . The value 
of this violation can be found numerically using again the 
method of steepest descent .32] , which has been plotted 
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for the GHZ-type ECSs of c\ — — c 2 in Fig.0 As can be 
seen from the figure, the Bell-Mermin inequality is largely 
violated for a small a. The maximum value is found to 
be BM A fa 2.5 when a w 0.18 at i?e[/3i] = Re[(3 2 ] = 



Detector B 



Detector C 



(3' 2 = $ = 0, Im[p x ] = Imlfa] 



-0.371, Re[f3 3 } = 



Im\j3 3 ] = -0.295, and Re[/3[] = Im[f3[} = 0.173. Even 
when a is extremely small, the inequality is still signif- 
icantly violated because we have considered the GHZ- 
type ECS of ci = — C2- As explained in the previous sub- 
section, the GHZ-type ECS with this particular relative 
phase approaches the single photon entangled state H12|) 
for a — > 0. However, the Bell-Mermin inequality ceases 
to be violated when a > 0.6 as shown in Fig. |3] Com- 
paring Figs. [3 and we immediately learn that the pho- 
ton threshold measurements are more efficient to test the 
Bell-Mermin inequality for GHZ-type ECSs with small 
amplitudes, while the photon parity measurements are 
more efficient for GHZ-type ECSs with large amplitudes. 

This result is due to the characteristic of the observ- 
able A(f3) in Eq. Ijl3|l composed of the photon threshold 
measurement and the displacement operations. It should 
be noted that a Bell-type inequality test depends not 
only on the state being considered but also on the type 
of the measurements and the type of the random rota- 
tions used for the test. A previous study 01 presents a 
similar result for nonclassical two-mode fields: two-mode 
ECSs and two-mode squeezed states significantly violate 
the Bell-Clauser-Horne inequality using the photon 
threshold detection and the displacement operations only 
when the coherent amplitudes (or the degree of squeez- 
ing) are small. All these results suggest that the pho- 
ton threshold measurements and the displacement oper- 
ations are efficient for a Bell-type inequality test for the 
continuous variable states only when the average pho- 
ton number of the states is appropriately small. In this 
connection, the photon threshold measurements and the 
displacement operations prove to be very suitable as an 
efficient tool to test a Bell-type inequality in a quantum 
optics experiment because GHZ-type ECSs with small 
amplitudes are relatively easy to be generated from CSSs 
with small amplitudes |2ll |24| . 



III. W-TYPE ENTANGLED COHERENT 
STATES 

A. Generation of W-type ECSs 



A three-mode W-type ECS is ||] 

\W,a) = ai\a,—a,—a)u3 + a 2 \ - a,a,-a)i23 
+ a 3 \ - a, -a, 01)123, 



(19) 



where the coefficients should meet the normalization con- 
dition. Our W-type ECS generation scheme is depicted 
in Fig. 0] We will first describe how to generate a three- 
mode W-type ECS with |cn| = |a 2 | = |ct3 j. However, 
it can be simply generalized to the case with arbitrary 



W-type 
entangled coherent state 




FIG. 4: A schematic of our scheme to generate a W-type ECS. 
A W-type ECS is generated when detector B or detector C 
clicks. 



coefficients. In Fig. the reflectivity of the first beam 
splitter, BS1, is r% — iJ2/5 and that of the second beam 
splitter, BS2, is r 2 = y / 2/3. Through BS1 and BS2, the 
initial state of the left part in Fig. 21 becomes 

B B S2Bbsi\1, 0, 0) afcc = -^7={V2\1, 0, 0) + \/2|0, 1, 0) 

+ |0,0,l»i, 2 , 3 , 

(20) 

On the right part of Fig. 4, three coherent states 
|7)i|7)2|7)3 are prepared using a coherent state |v / 37)d 
and two beam splitters BS3 and BS4 with reflectivities 
r 3 = l/v3 and = l/v2) respectively. Then the cross 
Kerr nonlinear interactions are to be used between mode 
1' (2', 3') and mode 1 (2, 3) as shown in Fig. H The 
interaction Hamiltonian of the cross Kerr nonlinear in- 
teraction between two arbitrary modes a and b, Hex — 
Hxa^atfb, causes transformations |0) o |7)& — ► |0) a |7)b and 
|l>o|7)i -* \ l )a\ie l9 )b, where Q = x i witn X the cou- 
pling constant and t the interaction time. Even though 
available Kerr nonlinearities are extremely weak, very re- 
cently it has been discussed that use of strong coherent 
fields may circumvent this problem even under realis- 
tic assumption of decoherence |24[. Therefore, in our 
scheme, 7 is supposed to be large. The nonlinear inter- 
actions transform the total state to 



-^=(y2|l,0,0) 1 ^ 3 '|7e !;e ,7,7>i23 

+ 7210,1,0)^3' |7,7e l ,7)123 
+ |0,0,l)i^ 3 <|7,7,7e l % 3 )- 



(21) 



Then, two 50:50 beam splitters, BS5 and BS6, are applied 
to modes 1', 2' and 3' as shown in Fig. 01 It is straightfor- 
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ward to verify that the total state after passing through BS5 and BS6 becomes 
I 



_|l ) 0,0) a , i ,v(|7e <e ,7)+l7,7e ie ))|7)) 1 



2.; 



+ -7=(|0, 1, 0) + |0, 0, l» aW (| 7 e* e , 7 , 7>+l7, je id , 7> + l7, 7, ie 10 ))™- (22) 



Now, detectors A, B and C (see Fig. 0J are set to detect 
photons of modes a' , b 1 and c', respectively. If detector 
A clicks the resulting state (unnormalized) is reduced to 

(| 7 e ie , 7 ) + | 7 ,7^»i 2 |7>3 (23) 

while cither detector B or C clicks it is 

(| 7 e ie , 7 , 7 ) + |7. 7^, 7> + It, 7, ie w )) 12Z . (24) 

The final step is to apply the displacement operators, 
D(x)®D(x)®D(x), with x = -( 7 + 7 e i9 )/2, on the state 
in (|24J) . Such operations are to change the state in (j24(l to 
the symmetric form in the phase space in Eq. (|19|l . As we 
have pointed out previously, the displacement operation 
can be effectively performed using a strong coherent fields 
(an additional local oscillator in this case) and a biased 
beam splitter. It can be shown that the final state after 
the displacement operations is 

iVwGa, -a, -a) + | - a, a, -a) +| -a, -a, a))i23, (25) 

where a = 7 (e l9 - l)/2 and N w = 1/V3 + 6e- 4 M". 
However, the final displacement operations are only local 
unitary transformations which cannot change entangle- 
ment nature of a quantum state. Therefore, we stress 
that the generated state (|24"|> is already a W-type en- 
tangled coherent state and the displacement operations 
mentioned above are just an optional step. 

Note that the success probability of getting the W- 
type three-mode ECS, Eq. Q25p. is 3/5, while a two-mode 
ECS, (\a, —a) +\ — a, a)) 12 (unnormalized), can be ob- 
tained with a probability of 2/5 from the state in Eq. i|23l) 
using similar displacement operations. Even though our 
case concerned a\ = a 2 = 0,3, arbitrary values of these 
coefficients can also be tailored by changing the reflec- 
tivities and phases of the beam splitters BS1 and BS2. 
For example, if one needs to generate a W-type ECS of 
ai = a,2 = —03, the phase of BS2, <f> 2l should be set 
to be 4> 2 = 7r. It is worth emphasizing that our scheme 
depicted in Fig. 0] does not require highly efficient de- 
tectors because the inefficiency of the detectors does not 
affect the quality of the generated W-type ECSs, yet it 
might decrease the success probability to be lower than 
3/5. Also of interest is the fact that generally not all the 
three detectors are necessary in our scheme. For example, 
only one of the detectors B and C (but not both of them) 
would suffice to generate a W-type ECS with a success 



probability of 3/10 when the detector clicks. Further- 
more, our scheme is robust to inefficiencies of the single- 
photon source as well as of the photon detectors. The 
inefficiencies of the single-photon source and the photon 
detectors will only reduce the success probability but will 
not affect the quality of the W-type ECSs to be gener- 
ated. 



B. Bell-inequality violations of W-type ECSs using 
photon threshold measurements 

We now investigate the Bell-Mermin inequality for the 
W-type ECSs in Eq. 1)25(1. According to our numerical 
study, the Bell-Mermin inequality is not violated for W- 
type ECSs by the methods used for GHZ-type ECSs in 
this paper. In this case, the required random rotations 
for the Bell tests cannot be achieved by the displacement 
operation (3^. Therefore, in this subsection, we shall 
alternatively approach the problem by treating the co- 
herent state I a) and the vacuum |0) as a logical qubit 
basis {|0 L ),|1 L )}, namely, |0 L ) = |0) and \l L ) = \a). 
Since our approach here becomes a closer analogy of the 
ideal qubit case for a W-type entangled state [36| when 
a gets large, it is expected that the Bell-Mermin inequal- 
ity would strongly be violated in this large-a limit. The 
first step to make use of the logical qubits is to displace a 
W-type ECS of the form given by Eq. to a W-type 
ECS of the following form 

|*„)=M o (|a,0,0) + |0,a ) 0) + |0,0,a)), (26) 

where Af w = 1/V3 + 6e~l a l 2 . This transformation can 
be done by the local displacement operations D(a') <8> 
D(a')®D(a') on a W-type ECSs \W,a') with a x = a 2 = 
0,3, where a' = a/2. One can directly transform the 
state l|24f) to the state (|26|l by appropriate displacement 
operations. Let us introduce a unitary transformation 
Ux for a coherent-state qubit 

Ux=D(^)U K (n/x)D(-^) (27) 

where U K (t) = e iHl<t/h , H K = hxi^a) 2 with t the inter- 
action time in a single-mode Kerr nonlinear medium. In 
other words, besides the displacement operations, addi- 
tional single-mode Kerr nonlinear interactions described 
by the interaction Hamiltonian Hx with the interaction 
time t — tt/x need to be used for necessary random ro- 
tations of a Bell-type inequality test. Even though such 
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strong nonlinear interactions are very demanding in a 
real experiment, there was an experimental report for a 
successful measurement of giant Kerr nonlinearity |37j . 
Using the identity [H, U K (n/x)\a) = e'^^^a) + i\ - 
a))/y/2, one can easily verify 



g-iTT/4 

U x \0) = — =-(|0)+*|a)) > 



U 



x\a 



V2 

-471-/4 



(28) 



-(*|0> + |a». 



which corresponds to — n/2 rotation around the x axis up 
to the irrelevant global phase factor for the qubit basis 
{|0), | a)}. Because of the additional Kerr nonlinearities 
used, we define an observable A(t) , which is slightly dif- 
ferent from A{(5) in Eq. i fEfy : 

oo 

^(r) = C7(r)t(|0)(0|-^|n)(n|)f/(r), (29) 

n=l 

where r is either or 1 and 

17(0) = 1, U(1) = U X . (30) 

When a is large, the states |0) and \a) are eigenstates 
of the observable A(0) with the eigenvalues 1 and —1, 
respectively. The Bell-Mermin inequality is then con- 
structed as 



BM A = \(A(ti)A(t2)A(t 3 )) - (A(n)A(^)A(4)) 
-(A(t{)A(t 2 )A(t^ - (A(r[)A(^)A(r 3 ))\ < 2. 



(31) 



Taking t\ = t-i = t 3 = and t[ = = Tg = 1 , and using 
Eqs. (|2*S|l to ijSTJI) . it is straightforward to calculate 



(^(0)^(0)^(0)) = 



= V(a) 



(32) 



and 



(A(0)A(l)A(l)) = (A(l)A(0)A(l)) = (A(1)A(1)A(0)) 



2-2e 



-2a 



7e~ a 



2e a 



3(2 + e a2 ) 



(33) 
W(a) 



where a was assumed to be real. Then the Bell-Mermin 
function is obtained as 



BM A = |V(a)-3W(a)| 

6 - 2e- 2o? - 7e-" 2 - 3e a ' 



(34) 



The Bell-Mermin function BM A has been plotted in 
Fig- El The Bell-Mermin inequality begins to be violated 
from a w 1.49 and the value of BM A rapidly saturates 
to 3 as a grows. 




a 



FIG. 5: Violations of the Bell-Mermin inequality for a W- 
type ECS of amplitude a using threshold photodetectors and 
nonlinear interactions. The Bell-Mermin function BMa is 
larger than the classical bound 2 for a > 1.49. 



IV. CONCLUSION 

We have studied Mermin's version of the Bell inequal- 
ity for GHZ-type and W-type three-mode ECSs. Both 
the types of ESCs violate the Bell-Mermin inequality 
with threshold photon detection (i.e., without photon 
counting). Such an experiment can be performed using 
linear optics elements and threshold detectors with large 
violations for GHZ-type ESCs. However, it would be 
experimentally more difficult to demonstrate Bell-type 
inequality violations for W-type ECSs since it requires 
additional strong nonlinear interactions. We have found 
out that the photon threshold measurements are more 
efficient to test the Bell-Mermin inequality for the GHZ- 
type ECSs of small amplitudes, but for the VF-type ECSs 
of large amplitudes: an interesting fact that reflects a 
clear inequivalence between the two types of ECSs. The 
generation of a GHZ-type ECS requires a CSS and two 
beam splitters. Recently, there was an experimental re- 
port to generate a CSS in a real laboratory even though 
the fidelity was limited J26j . Based on the recent theoret- 
ical [lllTallilllllllilllllll and experimental H 
progress, it is expected that the realization of a CSS with 
higher fidelity can be achieved in the foreseeable future. 

We have also proposed, for the first time, a scheme 
to generate M^-type ECSs for three free-traveling optical 
fields (generalization to more than three fields is possi- 
ble). The required resources are a single-photon source, 
a coherent state source, beam splitters, phase shifters, 
photodetectors, and Kerr nonlinearities. Our scheme 
does not necessarily require strong Kerr nonlinear inter- 
actions, i.e., weak nonlinearities can be useful for our 
scheme. Furthermore, it is also robust against inefficien- 
cies of the single-photon source and the photon detectors. 

It should be noted that good mode matching would 
be required at BS5 and BS6 in Fig. 0] while efficient 
mode matching between optical fields at a beam splitter 
is being performed in a real laboratory condition using 
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present technology 39] . The dark count rate of photode- 
tectors will affect the fidelity of the generated W-type 
ECSs. Currently, highly efficient detectors have rela- 
tively high dark count rates while less efficient detectors 
have very low dark count rates |3J| . We emphasize that 
our scheme here does not require highly efficient detec- 
tors. Compared with the scheme to gen erate a CSS with 
only one weak nonlinear interaction |24| , from which the 
generation of GHZ-type ECSs can be straightforwardly 
performed, the most demanding element in our scheme 
would be to control the three weak nonlinear interactions 



in Fig However, such techniques using weak nonlin- 
earities are being intensively studied 0, HE HH EU • 
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